UT-Komaba 99-14 

Gross-Neveu model with overlap fermions 



^ : Ikuo Ichinose^and Keiichi Nae;ao^ 



Institute of Physics, University of Tokyo, Komaba, Tokyo, 153-8902 Japan 



O 
(N 

Ph. 
< 
00 

cn 
> , 

l/-^ , Abstract 

m 
o , 

^ . We investigate the chiral properties of overlap lattice fermion by using two dimen- 



sional Gross-Neveu model coupled with a gauge field. Chiral properties of this model 
are similar to those of QCD4, that is, the chiral symmetry is spontaneously broken 



p • in the presence of small but finite fermion mass and also there appears the chiral 

^ . anomaly because of the coupling with the gauge field. In order to respect Liischer's 

^ extended chiral symmetry we insert overlap Dirac operator even in the interaction 

' terms so that the whole action including them are invariant under the extended 
' 

chiral transformation at finite lattice spacing, though the interaction terms become 
nonlocal. We calculate mass of the quasi-Nambu-Goldstone boson as a function of 
the bare fermion mass and two parameters in the overlap formalism, and find that 
the quasi-Nambu-Goldstone boson has desired properties as a result of the extended 
chiral symmetry. We furthermore examine the PCAC relation and find that it is sat- 
isfied at finite lattice spacing. Relationship between the anomaly term in the PCAC 
relation and the U(l) problem is also discussed. 
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Lattice fermion formulation is one of the most important problem in the lattice 
field theory. Recently a very promising formalism was proposed, the overlap fermion 
formalism[l], and after that there appeared a lot of works on that. Importance of the 
Ginsparg and Wilson (GW) relation[2] was stressed there. 

In this paper we shall study or test the overlap fermion by using the Gross-Neveu 
model in two dimensions. This is a solvable model which has chiral properties similar 
to those of QCD4, i.e., chiral symmetry is spontaneously broken with a small but finite 
bare fermion mass and pion appears as quasi-Nambu-Goldstone boson^. Furthermore 
in both models the U(l) problem is solved by the chiral anomaly which comes from 
the couphng with the gauge field. 

In order to respect Liischer's extended chiral symmetry we insert the overlap 
Dirac operator in the interaction terms so that the whole action including them are 
invariant under the extended chiral transformation at finite lattice spacing, though 
the interaction terms becomes nonlocal[7] .^^^ As a result, only the fermion bare 
mass breaks the extended chiral symmetry (and the measure of the path-integral of 
fermions) . 

The model is given by the following action on the lattice with lattice spacing a, 
S = Ar^[i-l(C/p + [/t^)] + a2^^(m)L>(m,n)V^(n)-a^MB^V'^(n) 

pi ^ n,m n 

— TfrE k'H^W^'f^nm - ^D{n,m))xlj{m) 

+(t)l{n)'ijj{n)r'-f5[5nm - ^D{n,m)^'ijj{m) 

^Overlap fermion with a finite fermion mass was recently studied in Refs.[3],[4],[5]. For study of 
the domain wall fermion in four- Fermi models, see Ref. [6] . 
^Similar modification is discussed in Refs.[8],[9]. 

^We studied in Ref. [5] the chiral properties of overlap fermions by using the same model, where 

the interaction terms arc invariant under the ordinary chiral transformation. 

"^In the leading order of the 1 /TV-expansion, the nonlocality is expected harmless because of the 

exponential decay of the large-distance terms[10]. 
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where Up is the plaquette variable of f/^(n), U(l) gauge field defined on links, ^'i (« = 
l,...,N,l = 1,...,L) are fermion fields with fiavour index /, and the matrix r* {i — 
0, — 1) acting on the fiavour index is normalized as 



Tr(rV^) = 5, 



ik 



and 



^^L 



(2) 



(3) 



The covariant derivative of the overlap fermion D{n, m) which satisfies the GW rela- 
tion 

-D75 + 75-D = aD'j^D. 

is defined by 



(4) 



Xr, 



Cf,{m,n) 



-f^C^{n,m) + B{n,m), 
1 



2a 



B{m, n) = -— + -^Y. [^^n,m - Sm+n,nUf,{m) - Sm,n+nUl{n)\ , (5) 
Ct ^Qj I, 

where r and Mq are dimensionless nonvanishing free parameters of the overlap lattice 
fermion formalism [1, 11]. For the vanishing bare fermion mass Mb — 0, the action 
(1) is invariant under the following extended chiral transformation, 

ij{n) ij{n) +T^e''-f5{Snm " aD{n, m)}ilj{m) , 
i){n) i){n) + i){n)T^e^^5, 

<Pl{n)^<Pl{n)-d''^e'<P\n), (6) 



where 9^ is an infinitesimal transformation parameter. 



Prom the action (1), 0* and 0| are (nonlocal) composite fields of the fermions, 



As in the continuum model, we expect that the field 0" acquires a nonvanishing 
vacuum expectation value (VEV) 



(/) = VnLM,, (8) 

and we define subtracted fields, 

(/?° = 0° - \/NLMs, 

(^^ = 0^ (z^O), ^^ = 0^. (9) 

In Ref. [3] , it is argued that the nonlocal composite field 0° works as an order parameter 
for the extended chiral symmetry. Then the action is rewritten as, 

S = NY.[l-]-{Up + U^p)] + a^Y.^{m)D'^{m,n)ij{n) 

pi n,m 

+ipl{n)ip{n)T'-f5(^5nm - ^D{n,m)^ilj{m) 

+^ E M W + 2x/iVZM,(^°(n) + ^linMin)] , (10) 

where 

D'j^{n, m) = D'{n, m) - MSnm, 
D'{n,m) = cD^rijUi), 

M^Mb + M,, c=1 + ^. (11) 

Prom the extended chiral symmetry (6) and its spontaneous breaking (8), we can 
expect that quasi-Nambu-Goldstone bosons appear. They are nothing but 0|. How- 
ever there is a subtle problem for the Goldstone theorem because of the nonlocahty 
of the action. But as we explaned above, this nonolcality of the action is expected to 



be harmless in the leading order of the l/A'"-expansion. We shall explicitly examine 
this point. 

The VEV Ms is determined by the tadpole cancellation condition of 0°. In order 
to perform an explicit calculation of the 1/A^-expansion, it is useful to employ the mo- 
mentum representation and also we introduce the gauge potential A^(n) in the usual 
way, i.e., C/(n, //) = exp(;^A^(n)). By using weak-coupling expansion by Kikukawa 
and Yamada[12] , 

Dnm ^ II e-'<^^-^^D{p,q), (12) 

Jp J q 

D{p,q) = Do{p){27rfS{p-q) + -V{p,q), (13) 

where = d')^ ^ and 

b{p)+uj{p) -ff,i sin ap^ 
^'^^ - au;{p) + aMp) ' ^ ^ 

Vip,,) = { , ' .A [X,ip,q)-^Xlip,q)^] + ... (15) 



1 f ]^ 

^o(p) = -7m sin ap^ + - ^ (1 - cos ap^) Mq, (16) 

Gj a a 

X,{q,p) = j(,2^)%q-p-k)^\,{k)V,,[p+^^, (17) 



aw{p) = ysin2(ap^) + (r5]](l-cos(ap^))-Mo) , 

a6(p) = r^(l-cos(ap^)) -Mo. (18) 

The vertex function is explicitly given as 

^1/. + ^) " + + r sin a + 

^-^ofp+^V (19) 
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Prom (14), the tree level propagator is obtained as 

y_i _ a{cb{p) + (c - Ma)u{p)} - ic-f^, sin(ap^) 



uj{p){c^ + (c - Ma)2} + 2cb{p){c - Ma) 
A^iph^ + B^ip) 



Hp) 



(20) 



where 



auj{p) = y'sin^(ap^) + {'^Y.C^ ~ cos{ap^)) - Mq) , 

ab{p) = r^(l-cos(ap^)) -Mo. (21) 



From (10) and (20), the VEV is determined as follows by the tadpole cancellation 
condition, 

9v 



^ = -ljr[D-Ui^-lD.ik)) 



f Ma\u^{k) - b{k)) 
~ Ik Hk) ■ ^^^^ 

Effective action of (^*, 935 and the gauge field A^(n) is obtained by integrating over 
the fermions, 

e-^^ff = j [Di)Dil:]e-^ . (23) 
For the quasi-Nambu-Goldstone boson ^p^, 

Sf}M = I l^l{-p)rUpMip) (24) 

where 

^Up) = fTT[f,{l-'^Do{k-p)}{ilj{k-p)ijik-p))^, 

^{i-\D,{k)Ymm)\i 

= ^,,{e^1MlA{p-M)l (25) 
A{p = 0) = and 

e = 1+ /Tr[75{l-^Do(A:)}(V'(A:)V5(^))75 



x{i-^D,ik)}{mm) 



Mbo^ fuj{k)-b{k) 



Ik 



MM, 



Ik 



Tr 



D 



M(0)^ 



(26) 



Ms in Eq.(22) represents the order parameter of the extended chiral symmetry at 
finite lattice spacing as suggested by Chandrasekharan[3]. 

The momentum dependent term in (25) has a rather comphcated form at finite 
lattice spacing but in the continuum hmit it coincides with the previous result, 



A{p;M) 



p 



In 



p2 + 2/^2 + J{p2 + 2/i- 



,2^2 



47ry'p2(p2 + //2) p2 + 2//2 - ^(p2 + 2/^2)2 - Api^ 



p 



0{{p 



2\2\ 



(27) 



where ^ — MqM. In a similar way, the mixing term of the gauge field and the 
fiavour-singlet "pion" ipl is given in the continuum limit as 

•^f// [A., ^l] = -2^M',M [ Y: A,(-P)^i(p; M)^°(p). (28) 

Jp p 

This mixing term is related with the chiral anomaly and it coincides with the standard 
form only in the continuum limit. This indicates that the chiral anomaly which 
appears from the measure of the fermion path integral coincides with its standard 
form only in the continuum limt.^ 

We shall calculate the masses of the fields cpl by integrating out the gauge field. 



/ 



[DU] exp - Sg[U]- 5'e//[A^, (^5] - 'S'e/zbs 
1 
2 



'[ldXi{p) exp 
1 



y,\i{p)Xi{-p) + 2^^M',M I J2\,{-pf-^A{p;M)^l{p) 



p^ 



'''However there is some argument claiming that the chiral anomaly of the standard form appears 
even at the finite lattice spacing[15] (see also later discussion on the PCAC relation). 
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L n / N n / N 1 



X exp 



- 2 X X ^li-p)] (29) 

where we took axial gauge fixing(A2 = 0). Therefore we get the mass of eta (p2, and 
pions ipl{i 7^ 0) as follows 

ml^ml + ^, (30) 

ml = 27rM^e. (31) 

It is obvious that the mass of the quasi- NG bosons, the flavour-non-singlet pions 
(pl{i 7^ 0), is proportional to the bare fermion mass Mb and vanishes as Mb — > 0[13]. 
This is the expected result. In the leading order of the l/A'"-expansion, the gauge 
variables in the derivative D[m, n) arc set as U^{n) = 1. Then from Ref. [10], D[n, m) 
decays exponentially as |n — tends to large. ^ On the other hand the flavour- 
singlet meson ip^ has the finite mass even in the hmit Mb — > 0. This means that 
the U(l) problem is solved by the existence of the mixing term (28). Relationship 
between the mixing term and the chiral anomaly will be discussed after study of the 
PCAC relation. 

Let us turn to the Ward-Takahashi (WT) identity for the axial- vector current; 
the PCAC relation. We perform the following change of variables in the functional 
integral of the partition function, 

(U'l) f^5(^) - d'''^e^{n)(tP{n), (32) 



^The Goldstone theorem assumes the locahty of the current. For the overlap fermion, see Ref. [14]. 



and we obtain the following WT identity, 



{^,JU^) - '^Ms^lin) - S>''NVLaTr[r,D{n, n)]) = 0, (33) 

where the last term comes from the measure of the fermion path integral and is 
the difference operator on the lattice. The axial vector current J^^^{n) is given by 



Jl,{n) = Y.m[cT^ + -^i^\n) + ^,{n)-i^^ (34) 

The terms proportional to the boson fields and Mg in Eq. (34) come from the interac- 
tion terms of the fcrmions and bosons in the action (10) and explicit form of K^^[l, m) 
was obtained by Kikukawa and Yamada[14] as follows, 



Kl{l,m) = <'i^„^-=W/,m), (35) 



H 



m J 

H = -75^, (36) 

{/ oo /7+ 1 , \ 1 1 

Wn^,{l, m) = 75 1^ (7^ - 1) 5nl5n+f,,m Un^ + 1) ^i.n+A^nm ^I+A,/.} • (38) 

Prom (22) and (26), we have 

1 ^ . (39) 



gv Mb 

Then the WT identity (33) gives the following PCAC relation in the continuum limit 



TT 



In Eq.(40), the anomaly term comes from the last term in Eq.(33). Then it is obvious 
that the desired PCAC relation (besides the anomaly term which we obtained in the 
continuum limit ^) is obtained rather straightforwardly from (33) and (39) at finite 
lattice spacing. 

''It is possible to obtain the anomaly term at finite lattice spacing [15], but in this paper we 
calculated this term in the continuum limit. 
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Let us briefly discuss relationship between the U(l) problem and the chiral anomaly. 
As we saw, the U(l) problem is solved by the mixing term in the effective action (28). 
It is obvious that in Seff there exist two terms which (explicitly) break the extended 
chiral symmetry, i.e., the mass term of ipl and the mixing term. According to the 
nonvanishing VEV (0o) — VNLMg (Eq.(8)), (pi transform as 

^i^<fi-^e^{<Po) + --- (41) 

under the extended chiral transformation. Then it is obvious that the above two 
terms in the effective action generate terms in the WT identity in the level of the 
effective action which correspond to the two terms on the RHS of Eq.(40)[16, 17]. 

In this paper we studied the overlap fermion by using the two dimensional gauged 
Gross-Neveu model in the large limit and showed that the pion mass is proportional 
to the bare fermion mass and that the PCAC relation is satisfied in the desired form 
even at finite lattice spacing. Relationship between the anomaly term in the PCAC 
relation and the U(l) problem is also discussed. We expect that the extended chiral 
symmetry works properly as a genuine continuous symmetry and that the nonlocality 
of the transformation and the action does not generate any serious issues on the 
physical results at least in the perturbative expansion of the gauge field. In order 
to examine this expectation, studies of the higher-order terms of 1/N is useful. In 
this paper we also identified the order parameter for the extended chiral symmetry 
and the pion field. This is useful for studies of QCD with overlap fermions which is 
invariant under the extended chiral symmetry[18]. 
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